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This  paper  concerns  the  existence  of  steady  solutions  to  the  Navier- 
Stokes  equations  in  a  bounded  domain  JJ  C  R2.  The  condition  of  solenoidality 
for  the  velocity  field  imposes  a  necessary  condition  on  the  boundary  data. 


For  a  certain  class  of  symmetrical  domains,  show  that  this  necessary 
condition  implies  the  existence  of  a  solution  to  the  problem.  The  method 
consists  of  proving  a  priori  bounds  on  solutions  by  assuming  the  contrary, 
rescaling  the  equations,  and  then  arriving  at  a  solution  to  the  steady  Euler 
equations  in  the  limit.  Examination  of  this  equation  leads  to  the  desired 
contradiction.  After  one  has  suitable  bounds  on  any  solutions,  one  uses  the 
Leray-Schauder  theorem  to  prove  existence. 


In  addition, -we>  remark  on  the  problem  of  a  general  bounded  domain 
WL  and  suggest  how  certain  maximum  principles  might  yield  the  expected 
results . 
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SIGNIFICANCE  AND  EXPLANATION 


in  ft 


The  steady  Navier-Stokes  equations  model  the  flow  of  a  viscous, 
incompressible  fluid  in  some  region  ft.  With  u  and  p  denoting  the 
velocity  and  pressure,  respectively,  one  has 

-VAu  +  (u*7)u  *  f  -  Vp 
7»u  *  0 

u  =  g  on  3ft  , 

and  the  problem  is  to  solve  for  (u,p)  for  prescribed  constant  viscosity 
v  >  0,  external  force  f,  and  boundary  data  g.  The  boundary  data  is  not 
arbitrary  but  satisfies  the  necessary  condition 


(*> 


m 


/ft  7*u  =  i  /r  Vni 

i“1  i 


(**> 


where  denote  the  components  of  3ft  and  denotes  the  outward 

normal.  Condition  (**)  merely  states  that  the  total  outflow  across  3ft  is 
zero.  If  one  imposes  the  stronger  condition  of  no  outflow  across  each 
boundary  component: 


Jr  “  °*  1  -  1#***»®  »  (***) 

then  classical  theory  going  back  to  Leray  fifty  years  ago  ensures  that  (#)  has 
a  solution  for  any  v  >  0  and  any  suitably  smooth  function  f. 

If  (***)  is  replaced  by  the  necessary  condition  (**),  the  standard 
methods  only  give  the  existence  of  a  solution  when  v  is  sufficiently 
large.  In  this  paper,  we  show  that  the  necessary  condition  on  g  yields  a 
solution  (u,p)  to  (*)  in  a  certain  class  of  domains  ft  in  the  plane.  We 
also  remark  on  the  case  of  a  general  domain  in  the  plane,  and  show  how  certain 
maximum  principles  are  applicable. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MFC,  and  not  with  the  author  of  this  report. 


EXISTENCE  OF  SOLUTIONS  TO  THE  NONHOMOGENEOUS 
STEADY  NA7IER-ST0KES  EQUATIONS 


Charles  J.  Amick 

1 .  INTRODUCTION 

In  this  paper  we  consider  the  steady  Navier-Stokes  equations  In  a  bounded 

2 

domain  (an  open,  connected  set)  ft  c  ft  t 


Au+  (u*tf)u- 

t  ~  ?P  .1 

(1.1) 

>  in  ft 

< 

• 

e 

i 

0.  J 

(1.2) 

u  - 

g  on  3ft  . 

(1.3) 

•  -  2 

He  assume  that  3ft  Is  Infinitely  differentiable,  f  e  C  (ft  ♦  R  ), 

~  <■  2 

g  e  C  (3ft  ♦  R  ),  and  v  >0.  The  problem  Is  to  find  a  velocity  field 

o 

u  -  (u1,u2>  and  a  pressure  p  satisfying  (1.1)  -  (1.3).  The  boundary  data 
g  is  not  Arbitrary,  but  satisfies  the  compatability  condition 

m 

0  -  /  div  u  -  l  I  g.*n  ,  (1.4) 

1-1  1 

where  the  are  the  cosiponents  of  3ft  and  denotes  the  outward  normal 

to  r  .  we  shall  assume  *  throughout  this  paper  that  (1.4)  holds.  Our 

intention  is  to  prove  the  existence  of  a  solution  (u,p)  to  (1.1)  -  (1.3)  for 

any  g  satisfying  the  necessary  condtion  (1.4).  The  results  will  hold  for  a 

2 

certain  class  of  domains  ft  c  R  ,  and  we  shall  remark  on  the  general  case  in 
section  3. 

If  one  replaces  (1.4)  by  the  stronger  condition 

Jr  9^* n^  -  0,  1  -  1,...,m  ,  (1.5) 

then  the  existence  of  a  solution  (u,p)  for  any  v  >  0  is  classical  (at 
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The  problem  of  solving  (1.9)  -  (1.11)  for  (v,p)  is  equi valent  to  finding  a 
(weak)  solution  v  of  the  following  equation! 


(1.12) 


Vo<*,v>H  +  fa  ♦Mg*V)v  +  Jn  ♦*(v7)v  +  /fl  ♦•(W)g 
-  /  for  all  ♦  e  H(0)  . 

Zn  the  usual  way  [8],  [12],  this  is  equivalent  to  solving  an  operator  equation 

v  v  «  *v  +  f  ,  (1.13) 

o 

where  F  e  H(ft)  and  A  is  a  compact  map  of  H(0)  into  itself.  Here  F 
and  A  are  defined  by  the  Riess  representation  theorems 

/n  ♦•<g*?)v  ♦  /n  ♦•(vV)v  +  fa  ♦•(v*7g)  -  -<4,Av>H 

and 

/fl 

for  all  $  8  H(fl).  After  one  has  found  a  solution  veH  to  (1.13),  it  is 

then  standard  to  recover  a  smooth  solution  (p,v)  of  (1.9)  -  (1.11). 

For  each  v  >  v  ,  let 
o 

S(V)  -  {v  e  H(0)  s  vv  -  Av  +  F}  .  (1.14) 

Note  that  v  e  S(v)  if  and  only  if  there  is  a  pressure  p  such  that  (g+v,p) 
satisfy  (1.1)  -  (1.3)  with  replaced  by  v.  We  shall  prove  in  Theorem  2.1 

that  S(v)  is  non-empty  if  v  exceeds  some  critical  value  v  and  that 

I v |  <  const .  /v ,  v  >  v  .  (1.15) 

n 

Our  main  result  in  section  2  is  the  following  estimate: 

sup  _  sup  |v|R  <  m  *  (1.16) 

ve[v  ,v]  ves(v) 

O 

This  ensures  that  all  solutions  of  the  equation 

v  *•  ~~  (Av  +  F)  ,  (1.17) 

o 

1  e  [0,1],  are  uniformly  bounded  in  H(fl),  and  so  the  existence  of  a 

solution  to  (1.13)  follows  by  the  Leray-Schauder  theorem.  We  shall  prove 

(1.16)  by  assuming  it  is  false,  and  then  deriving  a  contradiction.  Although 

(1.15)  holds  for  bounded  domains  in  R2  or  t? ,  we  have  only  succeeded  in 

2  ~ 

proving  (1.16)  for  a  certain  class  of  domains  OCR  and  data  g  and  f. 


Since  (1.4)  and  (1.5)  are  the  same  for  m  »  1,  we  shall  restrict  attention  at 


all  times  to  domains  with  m  >  2  boundary  components • 

2 

DEFINITIONS  A  bounded  domain  8  e.  R  is  said  to  be  admissible  if 
m 

(a)  30  is  of  class  C  ,  (b)  30  consists  of  ra  >  2  components  1*^,  (c)  0 

is  symmetric  about  the  line  { *  0}  and  ( d )  each  component  T  ^  Intersects 
the  line  {  x2  ■  0} . 

2 

A  function  h  -  (h1#h2)  mapping  J)  or  30  into  R  is  said  to  be 
symmetric  about  the  line  {x^  *  0}  if  h^  is  an  even  function  of  x2 
while  h2  is  an  odd  function  of  x2< 

DEFINITION:  A  pair  (f,g)  is  said  to  be  admissible  data  if  (a) 

e.  —  2  ~  •  2  ~ 

f  e  C  (0  ♦  R  ),  (b)  gee  (30  ♦  R  ) ,  and  (c)  f  and  g  are  symmetric  about 

the  line  {x2  *  0} . 

If  0  is  an  admissible  domain  and  (f,g)  is  admissible  data,  it  is 
natural  to  seek  a  solution  (u,p)  to  (1.1)  -  (1.3)  with  u  symmetric  about 
{x2  =0);  the  corresponding  pressure  p  will  be  an  even  function  of  x2> 

The  main  result  of  this  paper  is  the  following  theorem  which  is  proved  in 
section  2. 

2  ~ 

THEOREM  1.1.  Let  I)  c  R  be  an  admissible  domain  and  let  ( f  ,  g )  be 

admissible  data.  Then  for  every  Vq  >  0  there  exists  a  solution 

(u,p)  @  c  (8  ♦  R2)  *  C  (8  +  R)  oif  (1.1)  “  (1.3).  The  function  u  is 

symmetric  about  {x2  =  0}  and  the  pressure  p  is  an  even  function  of  x2* 

Acknowledgement .  I  am  indebted  to  Professor  J.  Heywood  for  bringing  this 
problem  to  my  attention.  In  addition,  he  strongly  suggested  that  the  proof  of 
(1.16)  might  follow  by  assuming  the  contrary  and  deriving  a  contradiction. 


2.  A  PRIORI  B00HD8 


Before  proceeding  to  the  proof  of  Theorem  1.1#  we  show  how  the  condition 

(1.5)  leads  to  eolations  of  (1.1)  -  (1.3)  for  any  v  >0.  Assume  for  the 

o 

moment  that  0  is  a  bounded  domain  in  rf1  (n  ■  2  or  3)  with  smooth  boundary 
and  f  and  g  are  smooth  on  ft  and  3ft#  respectively.  Equation  (1.5) 
allows  one  to  extend  the  boundary  data  g  to  ft  as  a  curl*  g  *  Vx^i  in  ft 
and  g  ■  g  on  3ft  [2]#  [8]#  [12].  For  each  e  >  0,  let  p(*>e)  denote  a 
suitable  mollifier  [2}  p.  209]#  [8i  p.  108],  [12»  p.  175]  with  p  5  1  near  to 
3ft  and  with  support  in  an  e-neighborhood  of  3ft.  Upon  choosing  e 
sufficiently  small  and  setting  g^  -  Vx(y (• »e )♦(•)) ,  one  has  [2»  p.  210],  [8» 
p.  109],  [12)  p.  175] 

If  g  »(v»7)v|  <  const.  e|v|^  for  all  v  e  H(ft)  (2.1) 

and  the  constant  is  independent  of  e  and  v.  One  seeks  a  solution  of  (1.1) 

-  (1.3)  of  the  form  u  *  g£  +  v,  so  that  v  is  to  satisfy  (1.9)  -  (1.11) 
(with  g  replaced  by  g  and  f  replaced  by  f  +  v  Ag  ) ,  or,  equivalently, 

(1.13).  With  S(v)  as  in  (1.14),  it  suffices  to  choose  e  such  that 

sup  8 up  |v|  <  «».  If  v  e  S(v),  then  setting  4  ■  v  in  (1.12)  yields 

v>v  ves(v) 
o 


2 

V  |vJH  -  -Jfl  V*(v7)ge  +  fa  vf 
“  /n  geMW)v  +  fa  vf 


(2.2) 


<  const. 


const . 
e 


Ifl 


l2m  ' 


If  we  cheque  e 

o 


such  that 


const 


|v,h  < 


.  e  <  v  /2,  then 
o  o 

const .  .-.2 

e  v  *  2 

00  L  (ft) 


(2.3) 


for  all  v  e  S(v)  if  v  )  v^.  it  then  follows  from  the  Leray-Schauder 
theorem  that  a  solution  to  (1.13)  exists. 


The  kay  point  in  the  analysis  above  was  the  representation  g  «  7  x  f 
which  allowed  os  to  put  a  mollifier  with  small  support  near  90  inside  the 
curl.  The  fora  of  g^  led  to  (2.1)  which  was  the  key  step  in  proving  (2.3) 
froa  (2.2).  If  one  drops  the  condition  (1.5)  (but  still  has  the  necessary 
condition  (1.4)),  then  it  is  not  clear  how  to  proceed.  One  might  set 

H  ■  (g  6  C  (fl  ♦  R  )  :  V*g  *  0  in  0  and  g  ■  g  on  90}  and  set 

/n g* (v«7)v 

U  »  inf  max  - “ - 

geM  veH(fl)  | v| ^ 


If  y  <  v  ,  then  one  gets  a  priori  bounds  for  v  e  S(v),  v  >  v  ,  by  (2.2). 
o  o 

When  g  satisfies  (1.5),  then  (2.1)  gives  y  =  0.  Unfortunately,  in  general 
one  will  not  have  y  <  v  ,  and  so  a  different  approach  must  be  taken. 

The  following  theorem  gives  the  existence  of  a  unique  solution  to  (1.1)  - 
(1.3)  if  v  is  sufficiently  large. 

THEOREM  2.1.  Let  0  be  a  bounded  domain  In  R°  ( n  *  2  o£  3 )  with  90 

of  class  C  ,  and  let  f  e  C  (0  ♦  Rn)  and  g  e  C  (90  ♦  Rn) .  Then  there 

exists  v  >  0  such  that  (1.1)  -  (1.3)  has  a  solution  (u,p)  e  C  (0  ♦  Rn)  * 

CO  —  ~ 

C  (0  ♦  R)  for  all  v  >  v.  In  addition,  (u,p)  is  unique  up  to  an  additive 
constant  for  p. 

Proof.  Let  g  be  as  in  (1.6)  -  (1.8).  Now 

l/o  9*<v*V)v|  <  const.  |g|  |v|2  =  C|v|2  ,  v  e  H(0)  , 

L  (0)  H  " 

and  the  constant  C  is  independent  of  v.  Let  v  be  any  fixed  number 

greater  than  2C.  We  claim  that  (1.1)  -  (1.3)  has  a  solution  for  any  v  >  v. 

Indeed,  if  v  is  so  given,  then  it  suffices  to  solve  (1.13).  If  v  e  S(v), 

o 

then  (2.2)  gives 


v|v|  =  fn  g»(v»7)v  +  /n  fv  <  C  |v|H  +  const 


|f|  -  Iv| 
L2(0)  h 


whence 


(2.4) 


.  .  .  const.. 

M  <  If) 

H  V  L2(0) 

for  all  v  >  v^.  nils  estimate  gives  an  a  priori  bound  for  solutions  to 
(1.17),  and  so  existence  follows  from  the  Leray-Schauder  theorem. 

If  (u,p)  and  (w,q)  satisfy  (1.1)  -  (1.3),  then  a  calculation  yields 


2 

Vo|u-w|H  -  Jq  w*((u-w)»V)  (u-w) 


'h  Ja 

<  const.  |w| 


L4(fl) 


|u-w|  I U-W I _ 

L4(ft)  H 


<  const.  |u-w|‘ 


by  (2.4).  The  constant  is  independent  of  Vq,  and  so  if  v  is  sufficiently 

large,  then  v  >  v  ensures  a  unique  solution  of  (1.13).  The  existence  of  a 
o 

pressure  p  and  the  regularity  of  (u,p)  is  standard  [8],  [12],  q.e.d. 

2 

Throughout  the  rest  of  this  section,  we  shall  assume  that  fi  c:  R  is  an 

admissible  domain  and  (f,g)  are  admissible  data.  Let  g  be  a  solenoidal 

extension  of  g  to  SI  as  in  (1.6)  -  (1.8) t  since  g  and  Q  are  symmetric 

about  {x2  *  0} ,  the  extension  g  may  be  taken  to  be  symmetric.  We  seek  a 

solution  u  of  (1.1)  -  (1.3)  of  the  form  u  *  g*v,  where  v  e  H(fl)  and  v 

is  to  be  symmetric  ahout  {x2  =  0} .  Let  denote  the  closed  subspace  of 

H(Q)  consisting  of  velocity  fields  which  are  symmetric  about  {x2  *  0} .  It 

is  a  Hilbert  space  with  the  previous  inner  product  <•,•>.  The  problem  of 

H 

solving  (1.1)  -  (1.3)  is  equivalent  to  finding  v  8  H  (0)  satisfying 

s 

v  v  *  Av  +  P,  where  F  e  H  (fl)  and  A  is  a  compact  map  of  H_  into 
os  8 

itself.  If  we  set 

S(v)  -  (v  e  Hb(0)  :  vv  -  Av  +  F)  , 

then  the  proof  of  Theorem  2.1  ensures  that  S(v)  is  non-empty  for  all  v  >  v 
and  that  (1.15)  holds.  In  order  to  prove  (1.16)  (and  thereby  Theorem  1.1),  we 
shall  assume  the  contrary  and  derive  a  contradiction. 


-7- 


« 


( 


! 
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Let  v  e  S(v  )  with  |v  |  ♦  •  as  n  ♦  •  .  without  loss  of  generality 

n  n  n  H 

we  may  assume  that  v  +  v  e  [v  ,v]  as  n  ♦  •.  Since  v  e  S(v  ),  it 

no  n  n 

satisfies  (1.12)  with  v  replaced  by  v  .  Standard  theory  gives  the 

o  n 

existence  of  a  pressure  pn  (normalized  by  Pn  “  0)  such  that 


-  v  Av  +  (g»V)v  +  (v  *7 ) g  +  (v  «7)v  ■  f  -  Vp 

nnnn  nn  n 


(2.5) 


f  -  (g*7)g  -  7p  in  I) 
n 


If  we  set  u  =  g  +  v  ,  then 
n  n 


-  v  Au  +  (u  *7)u  =  f  -  Vp  in  I) 

nnnn  n 

-v 

and  we  have  absorbed  the  term  -  V  Ag  =  — ~  7q  into  the  p  term.  Define 

n  v  41 

o 

u  =  u/|v|,  v  “  v/|v|  and  p  =  p/|v|^  . 

n  nnHn  nnH  n  nnH 

m  /v 

Without  loss  of  generality,  we  may  assume  that  -*•  v  in  H^Q)  and 

v  ♦  v  in  Lq(tl),  g  e  [I,*).  The  estinates  of  Cattabriga  [1],  [12]  applied 
n 

to  (2.5)  yield 

|p  |  .  <  const. {  |  f |  +  | (g»V)v  +  (v  *V)v  +  (v  *V)g|  } 

"  w’-'-ia)  l5(il>  nnnn  l«(8) 


<  const. {l  +  lvnlH) 


for  any  a  e  (1,2).  In  particular,  p^  is  bounded  in  W  (0),  q  e  (1,2), 

m*  **  1  $  Q  ~  ^ 

independently  of  n,  and  so  p  -*  p  in  W  (ft),  q  B  (1,2),  and  p  -*•  p  in 

n  n 

Lq(fl),  q  e  [!,•).  If  we  multiply  (2.5)  by  v  ,  integrate  over  fl,  and  then 

,2 


divide  by  |v  I  ,  there  results 
n  H 

.  I  .  ^ 

v  =  Jn  g*  (v  »V)v  +  J_  f»v 

n  •'n1’  n  n  v  L  '8  n 


(2.6) 


n  H 


Since  v  ♦  v  in  L  (SI),  we  may  take  the  limit  of  n  ♦  •  in  (2.6): 
n 


Jo 


(2.7) 


If  we  multiply  (2.5)  by  a  fixed  $  e  Cg(0  ♦  R  ),  integrate  over  ft,  divide 


by  |v  I  and  let  n  ♦  there  results 
n  H 


/n  ♦*(v*7)v  *  -/n  ^»7p,  <p  e  C0((i  *  R 


(2.8) 


-8- 


I 


Since  $  was  arbitrary,  it  follows  that  (v,p),  with  v  e  Hg (fl ) ,  is  a  weak 

solution  of  the  steady  Euler  equations; 

(v*7)v  -  -7p  almost  everywhere  in  0  .  (2.9) 

Recall  that  the  solenoidality  of  v  is  immediate  from  its  membership  in 

H  (ft)  while  v  ■  0  on  90  (in  the  sense  of  a  trace)  for  the  same  reason, 
s 

Since  v  e  Hg(£l)  and  p  e  W1,<J(0),  q  e  (1,2),  it  follows  that  (v»7)v, 

Vp  e  Lq(0),  q  e  (1,2),  and  so  (2.8)  actually  holds  for  all  $  e  I.r(0), 

re  (2,«»).  In  particular,  setting  $  ■  g  yields 

/fl  g*(v*7)v  -  -Jfi  g*7p  -  -/fl  div(gp) 

m  (2.10) 


hct  pg*n  •  lrt  pvni 


The  Integration  by  parts  in  (2.9)  is  justified  since  p  e  W  (0)  has  a  well- 
defined  trace  on  30. 

To  motivate  what  is  about  to  follow,  we  argue  formally  for  the  moment. 


Since  v  e  H^ffl),  we  have  v  «  0  on  30  in  the  sense  of  a  trace,  and  so 
(2.9)  suggests  that  p  is  a  constant  on  each  component  of  30.  If 

we  could  show  that  these  constants  are  all  equal  to,  say,  c,  then  (2.10) 
would  give 


m 

L  cr(v*7)v  -  C  l  J  g  *n  *  0  (2. 11) 

i-1  1  i  1 


by  (1.4).  However,  (2.7)  shows  that  (2.10)  is  impossible,  and  so  we  will  have 
the  desired  contradiction.  In  the  following  two  theorems,  we  justify  these 
formal  arguments. 

THEOREM  2,2.  The  trace  of  p  on  is  a  constant  C^,  i  “  1,...,m, 

almost  everywhere  on  . 

Proof.  Let  1  be  arbitrary  and  set  r  *  rt»  Let  e  r  and  change  to 
a  new  orthogonal  coordinate  system  (x1#x  )  centered  at  with  the 


x2-axis  pointing  along  the  inner  normal  to  T  at  zQ 


We  write 


~  .  3  a  . 

7  »  "^“J .  For  small  e  >  0,  the  boundary  component  r  is  given 

3x.  3x 

locally  by  x^  ■  hlx^,  x^  e  (■«,£),  with  h  e  C  .  Let  8  >  0  be 
sufficiently  small  such  that 

A  -  A(e,8)  -  { ( x  1  #Xj )  *  x1  e  (-e,e),  x2  e  (htx^,  htx^  +  8)}  c  ft  . 


Now 


r  1 (v*V)vl  ~  ~  .  (rt  fh*X1 

JA  ~  <**^*2  const.  (J^J  _ 


|x2-h(x1) 


e#  a#  »w  2  1 

h(x,)+8  |v(x1,x2)|  _  _  % 

“  I - 2  ,V|H 

h(x^)  Ixj-Mx^l* 


h(x  ^+6  _  _  1/2  _ 

<  const. (4 J  /  |?v|  )  I v |  <  const. |v|„  -  const.  , 

Mx^) 

where  we  have  used  the  standard  estimate 

/r*(^)Vx2  <  * jfVu2»v,2 

“j"* 


(2.12) 


(2.13) 


for  functions  w  €  C  [a,a+8)  which  vanish  at  x2  ->  a.  Since  H(ft)  is  the 

OO 

completion  of  CQ  functions,  one  first  uses  (2.13)  to  prove  (2.12)  for  such 
functions  and  then  takes  the  limit. 

/V  4S»  MM 

Since  (v*V)v  ■  -Vp,  it  follows  from  (2.12)  that 


JA{e#5,!Vp|  *  o(8)  as  8  ♦  0  . 


If  ♦  e  C0(-e,e),  then 


ft  r  6 


JA(E/8)  ♦,(x1)p(x1,x2)dx1dx2  -  /0  ♦,(x1)p(x1,h(x1)  +  x2)dx2dx1 

*  ~fle  /q  (x1,h(x1)+x2)  +  h’  (x1 )  (x1,h(x1)+x2)}dx2dx1 


3x, 


o(8)  as  8+0 


If  we  divide  both  sides  of  this  equation  by  8  and  let  8  ♦  0,  there  results 
jC_e  (x1  )p(x1  ,h(x1  ))dx1  “  0  for  all  t  e  C^(-e,e) 

It  follows  that  p  is  a  constant  on  T  almost  everywhere,  g.e.d. 
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Theorem  2.2  did  not  use  the  symmetry  of  ft,  but  we  shall  need  it  for 


Theorem  2.3.  We  now  introduce  some  notation  for  the  boundary  components 
Without  loss  of  generality,  we  may  assists  that  is  the  'exterior' 

component i  that  is.  He  int  r^»  Since  Q  is  admissible,  the  set 
{*2*  n  consists  of  two  points  (o^,0)  and  (6^,0)  with,  say, 
a  <  $  .  We  may  label  the  components  so  that  a  <  a  <  B  •••  «*  <  B  <  B  . 
Note  that  the  sets  {(x^O)  t  «^  <  x^  <  02>,  {(x^O)  :  0i  <  x^  <  ai+1)» 
i  ®  2,...,m-1,  and  {(x  ,0)j  6  <  x  <  0  }  are  all  contained  in  0. 

I  W  I  1 

THEOREM  2.3.  The  constants  CA  in  Theorem  2.2  are  all  equal t  C ^  «  C, 
i  *  1,««*,m. 


Proof.  We  shall  prove  that  Cj  “  since  the  other  cases  are 
similar.  Near  to  the  point  (a^,0),  the  component  has  the  form 

{ (h^(x2>  »X2^  :  x2  e  for  some  small  6  >  0.  Here  h1  e  C  and 

hj(0)  -  o  .  Similarly,  T  has  the  fora  {(h  (x  ),x  )  :  x  e  (-6,6)}  near 

l  a  a  4  Z  4 

to  (a^  ,0) .  Set  A  -  A(6  )  -  {(x^,x2>  i  x^  e  0^  (x2 ) ,h2 (x2) ) ,  x2  e  (0,6)},  so 
that  a(6)c  ft  for  all  small  6.  Define  the  total-head  pressure 

»V  ~  j^2  ^  /W  2  ~2  <w  «w  «w 

•  »  p  +  j  |v|  »p+J  (v^  +  v2),  where  v  «  (v1,v2).  Since  (v»V)v  “  -Vp 

(almost  everywhere)  in  II,  we  have 

3  *  3p  .  ~  1 V)  .  ~  ^V2 
*  *  ♦?; +  vi  +  v2  37; 

(2.14) 


3  v 


3  v 


3v„ 


!l2 

2  3x, 


/  ~  1  ~  1\  ~  1  ~ 

(_vi  TT,  “  v2  3^  *  vi  3^  *  v_ 

*s» 

-v2«  almost  everywhere  in  0  , 


3  v. 


3  v„ 


1  2 

where  u  -  - —  -  r —  denotes  the  vorticity.  Integrating  this  equation  over 
3x2  ®X1 


A(6)  yields 


/*{p<h2  <x2 )  *x2  >  “  P<h1(x2),x2)}dx2  -  6(C2  - 

■  -Utt)  v  - 


or,  equivalently 


|C2  "C1!  "«  * 


If  we  extend  v2  to  R*  (0,6)  as  zero  outside  A(6),  then 
Iv2(x1,x2)|2  lv2(x1lX2)l2 

2  2  dx2dxi 


(2.15) 


where  we  have  used  (2.13)  and  the  fact  that  v2(x^,0)  -  0  by  symmetry.  The 


use  of  these  estimates  in  (2.15)  give 
.2  _  1 


<w  2 

s  -  s''  <  7  (/,«.  A  «««>  ”2> 

0  x_ 


<  75  “**  W»?'2>  •  *•«/»(«, l?;|2>2 


0  as  6  ♦  0 


Hence,  C1  *  C2-  q.e.d. 

As  noted  before,  the  use  of  Theorem  2.3  and  (1.4)  in  (2.10)  gives  a 

contradication  and  so  (1.16)  holds.  The  Leray-Schauder  theorem  then  gives  the 

existence  of  a  solution  veH  (0)  to  (1.13),  and  the  existence  of  a 

8 

pressure  p  and  the  regularity  of  (u,p)  following  in  a  standard  way. 


3.  REMARKS  ON  THE  GENERAL  CASE 

He  now  consider  the  problem  of  solving  (1.1)  -  (1.3)  in  a  general  bounded 
2 

domain  fi  c  *  .  He  assume  90  is  smooth  and  that  it  consists  of  m  >  1 
components.  Furthermore,  f  and  g  are  smooth  functions  from  0  and  9ft, 
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respectively ,  to  k  .  in  order  to  prove  the  existence  of  e  solution,  it 

suffices  to  prove  (1.16).  If  we  assume  this  is  false,  then  there  is  a 

sequence  with  v  e  S(v  )  and  |v  I  ♦  •  as  n  ♦  •.  Setting  v  -  v/|v| 
nn  nH  nnnH 

and  p  ■  p  /| v  |f  yields  v  -*•  v  in  H(Q),  v  ♦  v  in  Lq(Q),  q  6  11»*)» 
nnnH  n  n 

p  -»•  p  in  W1,q(0),  q  e  (1,2),  and  p  ♦  p  in  Lq(Q),  q  e  (1,»).  the  pair 
n  n 

a,  m  »v  a* 

( v,p)  is  a  weak  solution  of  the  steady  Euler  equations  (v*7)v  -  -7p  in  0. 
theorem  2.2  shows  that  p  is  a  constant  on  each  component  of  30. 

In  order  to  derive  a  contradiction  from  (2.7),  it  suffices  to  show  that  the 
CA  are  all  equal. 

Theorem  2.3  showed  that  if  v  e  H  (0)  is  a  weak  solution  of  the  steady 

s 

Euler  equations  in  an  admissible  domain  0,  then  the  corresponding  pressure 
p  has  the  same  constant  value  on  each  of  its  components.  If  we  could  show 


for  general  0  that 

v  e  H(0)  and  (v*7)v  -  -7p  in  0  implies  p  *  C  on  1*^,  i  *  1,...,m  , 


(3.1) 


then  we  would  have  solved  (1.1)  -  (1.3).  Unfortunately,  (3.1)  is  not  true  as 
the  following  simple  exaople  shows. 

Pi  2 

EXAMPLE  3.1.  Let  0  -  {(r,8)  s  1  <  r  *  /x1  +  x2  <  R,  0  <  0  <  2w}  and 

let  ♦ec1ri,R]  with  ♦' (D  -♦’(«)-  0  and  <|r*  e  L*(  1  ,R) .  Define 

3  a  X2  xi 

v(r,0)  -  (~  *(r),  -  r2-  *(r))  -  ♦*(r), - 1  ♦,(r))  e  H(0)  and  define 

o  xa  r  xr 

^  ~  fr  2 

P(r)  -  /x  (♦'(w))  /w  dw  ,  re  1 1 ,  R]  . 

rs*  Af 

Then  (v,p)  is  a  weak  solution  of  the  steady  Euler  equations  in  0: 


(v»7)v  -  -7p  , 


7»v  -  0 


in  0  , 


v  ■  0  on  30 

If  ♦  '  is  not  Identically  sero,  then  the  pressure  at  r  ■  R  will  be 
strictly  positive,  and  so  (3.1)  does  not  hold.  This  example  suggests  that  the 


approach  of  section  2  is  only  practical  when  one  considers  symmetrical  domains 
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Q  and  symmetrical  solutions  v  e  H^CQ).  Condition  (3.1)  is  actually  too 
strong  a  requirement  since  v  is  not  just  any  solution  of  the  Euler 
equations,  but  is  a  certain  limit  of  solutions  to  the  steady  Navier- Stokes 
equations.  For  definiteness,  we  shall  assime  throughout  the  rest  of  this 
paper  that  Q  is  the  annulus  of  Example  3.1  and  f  s  0.  The  boundary  data 
g  is  assumed  to  satisfy  (1.4)  but  we  drop  the  demand  of  symmetry  about 


{x2  >0}.  Recall  that  we  begin  by  fixing 


V  >  0,  let  S(v)  be  as  in 
o 


(1.14),  and  then  try  to  prove  (1.16)  by  assisting  the  contrary  and  deriving  a 


contradiction.  Let  v_  e  [v_,v]  be  such  that  |vnlH  "*■  where 


vn  «*  un  -  g.  Equations  (1.1)  -  (1.3)  lead  to  certain  maximum  principles;  more 


precisely,  if  4 


1  2 

P  +  ~  |u  |  denotes  the  total  head  pressure,  then 


v  A*  -  u  *74  *  v  us  in  0  , 

n  n  n  n  n  n 


(3.2) 


3  3 

where  u  -  - —  (u  )-  -  z —  (u  )«,  denotes  vorticity.  Equation  (3.2)  yields  a 
n  3x2  n  1  3x^  n  2 

one-sided  maximum  principle  for  4^:  if  A  is  an  open  subset  of  Si,  then 

4  takes  its  maximimi  on  A  at  3 A.  This  maximum  principle  was  used  by 
n 

Gilbarg  and  Weinberger  [5] ,  [6]  to  study  the  difficult  problem  of  steady 

2  ~ 

Navier-Stokes  flow  past  a  body  in  the  plane.  Define  4  *  4  /|v  |  *  p  + 

n  n  n  h  n 

1  ~  2  ~ 

— |v  +g/|v  ||  ,  and  note  that  4  satisfies  a  one-sided  maximum  principle. 

2  n  n  H  n 

Since  (v  ,p  )  converge  in  a  certain  sense  to  a  solution  (v,p)  of  the 
n  n 

steady  Euler  equations,  one  might  expect  that  the  corresponding  total  head 

*W  1  '*■'2 

pressure  4  =  p  +  ~  |v|  satisfies  some  (weak)  version  of  a  one-sided  maximum 
principle.  We  prove  this  is  true  in  the  following  theorem  and  the  remarks 
thereafter. 


THEOREM  3.2.  Let  s,t  denote  arbitrary  numbers  satisfying 
1  <  s  <  t  <  R,  and  set  A  ■  {(r,fl)  s  s  <  r<t,  0  <  0  <  2w).  Then  there  exist 

a# 

sequences  with  s^  t  s  and  tj  *  t  &£■  3  ♦  *  such  that  4(s^,»), 

4 (t^  ,•  )  e  C(0,2x]  and 
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ess  sup  4(x,y)  <  max  4(r,0)  ,  j  ■  1,2,... 

(x,y)eA  r-s^,t^ 

9e[o,2i] 

Proof.  For  r  «  { 1 , R)  define 

&*<**8>  -fe  Vr'e>,ae 


and  note  that 


f*  z  (r)dr  <  const.  |*-4  |  |V(4-4  )| 

1  ”  "  LP(Q)  "  Lq(Q) 

11  ~  ~  1,q 

where  —  +  —  -  1  and  o  e  (1,2).  Since  ♦,  ♦  are  bounded  in  w  (fl), 

p  q  n 

^  ^  <T 

q  e  (1,2),  we  may  assisne  that  0  ♦  ♦  in  Z>  (Q)  for  all  q  e  [1,").  In 

n 

particular,  z  >0  in  l\i,R)  as  n  ♦  “.  Since  z  ♦  0  in  measure,  a 
n  n 

suitable  subsequence  converges  to  zero  uniformly  almost  everywhere.  Given  any 


point  s  e  ( 1  ,R) ,  we  can  find  a  sequence  such  that 

sa  t  a  as  i  ♦  •  and  z  (s. )  +  0  as  n  ♦  *  . 
i  n  i 


(3.3) 


Define 


V"  V'-"4* 


and  similarly  for  H(r).  Since  ♦  in 


(B),  q  6  (1,2),  standard 


results  for  traces  show  that  H  -  H  ♦  0  in  C(1,R]  as  n  ■*■  «».  Let  i  be 

n 

fixed  and  let  8  e  [0,2s]  be  such  that 
n 

♦  ( s .  ,8  )  -  *(s.  ,8  )  «  H  (s. )  -  H(s.  )  . 

n  1  n  i  n  n  i  i 


max  14  (s.,0)  -♦(s.,8)l 
0e[O,2w]  n 

<  'vvV  -  •<»i'an>'2  *C'I?  Ivv#>  '3-*> 

2 

=■  |H  (s.)  -  H( s . )  |  +  2z  (s.)  ♦  0  as  n  ♦  •  . 

n  i  l  n  l 


A  similar  result  holds  for  a  suitable  sequence  t.  ♦  t.  Since  •  satisfies 

l  n 

a  one-sided  maximum  principle  in  0 ,  we  have 
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♦  (x,y)  <  mx  ♦  (r,0),  (x,y)  6  A  . 
n  .  n 

6e[0,2t] 

It  we  let  n  ♦  •  and  use  (3.4),  then  the  theorem  is  proved,  q.e.d. 

Remark.  A  similar  version  of  theorem  3.2  holds  for  arbitrary  open  sets 

oo  n 

A  with  A  <=  ft.  One  can  find  open  sets  (U  3a^  of  class  C  , 

(ii)  A  c  a .  <=  a.  <=  ft,  (lii)  4  is  continuous  on  3A  ,  (iv)  A,  c.  A.  if 
j  j  j  k  j 

k  >  j,  (v)  Aj  +  A  in  the  sense  that  A  »  int  f>  A^,  and  such  that 

f*. 

ess  sup  4  <  max  4,  j  *  1,2,...  . 

A  3A . 

j 

Example  3.1  gives  a  whole  family  of  solutions  to  the  steady  Euler 

eguations  in  SI  for  which  the  pressure  is  not  the  same  constant  value  on 

3ft.  We  claim  that  such  flows  cannot  arise  as  the  limit  of  unbounded  solutions 

to  (1.1)  -  (1.3)  with  f  =  0  and  v  replaced  by  v  .  Indeed,  let  *  be  as 

o  n 

in  Example  3.1,  and  note  that  the  total  head  pressure  is  only  a  function  of 
r: 

4(r)  -  J*(*’(w)2/w  dw  ♦  ^♦•(r)!2,  r  e  [1,R|  . 

2 

Since  4"  e  L  (1,R)  with  ♦'(I)  ■  <(i*(R)  *»  0  (which  is  equivalent  to 

v  *  (♦  ,*♦  )  C  H ( ft ) )  we  know  that  4  is  (HBlder)  continuous  on  (1,R). 
y  * 

Assume  for  the  moment  that  4  satisfies  Theorem  3.2  and  4'  is  not 
identically  zero  on  (1,R].  Then  4  takes  its  maximum  on  any  interval 
!s,t],  with  1  <  s  <  t  <  R,  at  one  or  both  of  the  endpoints.  Since 
4(1)  ”  0  and  4  >  0  on  11,R],  it  follows  that  4  is  non-decreasing  on 
[1,R].  A  calculation  gives 

4 (t)  -  4(s)  -  J*  (w*'(w))'aw  , 

for  any  s,t  @  [1,R]  whence 

0  <  4*  (w)(w4*  (w))*  almost  everywhere  on  [1,Rj  .  (3.5) 

Since  4*  is  not  identically  zero  on  [1,RJ  by  hypothesis,  there  exists 
some  wQ  e  ( 1 , R)  such  that  4*(wo>  1*  Imt  B  denote  the  largest  open 


-16- 


interval  containing  wQ  such  that  ♦'  i1  0  on  B.  sine*  ♦  '  ( 1 )  ”  ♦,(R)  ”  0, 
we  know  that  (i '  vanishes  at  the  endpoints  of  B.  On  the  other  hand,  (3.5) 
says  that  .  (w4f'(w))*  is  one  signed  (almost  everywhere)  on  B.  The  only 
possibility  is  that  (wj/'(w))'  **  0  on  B,  whence  p*  >  0  on  B.  This  is  a 
contradiction,  and  so  the  non-trivial  solutions  (v,p)  of  Exasq>le  3.1  do  not 
satisfy  Theorem  3.2.  Therefore,  it  is  natural  to  ask  the  follow  question: 

2  ww 

Let  OCR  denote  an  annulus  and  let  (v,p)  be  a  weak 


solution  of  the  Euler  equations  (v*7)v  “  -7p  in  0  with 
v  e  If  *  -  p  +  |v|2  satisfies  Theorem  3.2  and  the 

remark  thereafter,  then  does  p|  ^  “  P^r-R'  or •  equivalently. 


does  4)  | 


r*1 


♦I  „7 

r*R 


There  are  other  maximum  principles  associated  with  (1.1)  -  (1.3)  with 


v  replaced  by  v  and  f  =  0.  If  we  denote  the  vorticity  by 
o 

9  3 

a>  “  X —  u.,  -  r —  u_ ,  then  a  calculation  gives 
w  x  2  «  d  x  ^  2 


-vA to  +  u»7ii>  ■  0  in  0  , 

m 

so  that  (i>  satisfies  a  two-sided  maximum  principle.  If  (u  }  ,  are 

n 

solutions  of  (1.1)  -  (1.3)  with  v  replaced  by  v  ,  then 

o  n 

“n  "  77^  lj^  'Vi  -  '"nV 

satisfies  a  two-sided  maximum  principle  in  0:  if  A  is  an  open  subset  of 

^  — 

0,  then  the  maximum  and  minimus  values  of  on  A  occur  on  3  A.  Although 

2  ^  3  ^  3 

w  is  bounded  in  L  (Q)  and  converges  weakly  to  u>  *  —  v.  -  r —  v  9  this 

n  dx^  1  d  x  ^  2 

is  not  enough  to  prove  results  analogous  to  Theorem  3.2  for  u>;  we  would  need 


some  control  on  derivatives  of  u  . 

n 

If  (v,p)  is  a  weak  solution  to  the  steady  Euler  equations  in  ft  with 


v  e  H(ft)  (and  v  is  not  necessarily  a  limit  of  Navier-Stokes  solutions), 
then  the  total  head  pressure  ♦  e  W1,q(Q),  q  e  (1,2),  whence  •  6  Lq(ft)  for 
all  q  «  {!,•).  By  using  the  averaging  methods  of  Gilbarg  and  Weinberger  (5), 


-17- 


[6]  for  th*  preaaur*  p,  on*  can  *how  fchat  p  *  C(0) 
(x#y>  ♦  30.  If  w*  know  in  addition  that  Th*or*«  3.2 

♦  e  L*(n).  It  i*  not  known  if  « 


and  v(x,y)  ♦  0  aa 
and  th*  remark  after  it 

>  e  CCQ). 


hold,  than  w*  have 
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